Introduction
In the present paper we discuss some properties of endomorphisms of C -Hilbert modules and C -elliptic complexes. The main results of this paper can be considered as an attempt to answer the question: what kinds of good properties can one expect for an operator on a Hilbert module, which represents an element of a compact group? These results are new, but we h a ve to recall some rst steps made by us before to make the present paper self-contained.
In x2 w e de ne the Lefschetz numbers \of the rst type" of C -elliptic complexes, taking values in K 0 (A) C A being a complex C -algebra with unity, and prove some properties of them.
The averaging theorem 3.2 was discussed in brief in 15] and was used there for constructing an index theory for C -elliptic operators. In this theorem we do not restrict the operators to admit a conjugate, but after averaging they even become unitary. This raises the following question: is the condition on an operator on a Hilbert module to represent an element of a compact group so strong that it automatically has to admit a conjugate?
The example in section 4 gives a negative a n s w er to this question. Also we get an example of closed submodule in Hilbert module which has a complement but has no orthogonal complement.
In x5 w e de ne the Lefschetz numbers of the second type with values in HC 0 (A). We prove that these numbers are connected via the Chern character in algebraic K-theory. These results were discussed in 18] and we only recall them.
In x6 w e get similar results for HC 2l (A). We h a ve to use in a crucial way the properties of representations. 2 E. V. TROITSKY week in September 1993, especially to J. Rosenberg for very useful help in the preparation of the nal form of the present paper.
Preliminaries
We consider the Hilbert C -module l 2 (P ), where P is a projective m o d u l e o ver Calgebra A with unity (see 10, 4, 13, 15] ).
2.1. Lemma. Let P + (A) be the positive cone of the C -algebra A. F or every bounded A-homomorphism F : l 2 (P ) ! l 2 (P ) and every u 2 l 2 (P) we h a ve hFu F u i 6 kFk Let now hu ui be equal to 2 P + (A), where is an invertible element o f A. We p u t v = ( p ) ;1 u. Then We need the following property of the Gysin homomorphism.
2.4. Lemma. Let i : Z ! X be a G-inclusion of smooth manifolds, N its normal bundle.
Then the homomorphism
is the multiplication by
where i are the exterior powers, and we consider K G (T Z A) as a K G (Z)-module in the usual way. 
If there is a limit of such i n tegral sums then it is called the corresponding integral. If X = G then it is natural to take ' equal to the Haar measure 
This gives the continuity at 0 and hence everywhere. For T x u = ( a 1 (x) a 2 (x) : : : ) 2 l 2 (A) the equation hu ui = 0 takes the form
Let A be realized as a subalgebra of the algebra of all bounded operators in the Hilbert space L with inner product ( ) L . F or every p 2 L we h a ve 3.3. Remark. l 2 (P ) is a direct summand in l 2 (A), so 3.2 holds for l 2 (P).
Complements and orthogonal complements
Let us recall some preliminary statements.
4.1. Lemma. 1. An A-linear operator F : M ! H A always admits a conjugate if M 2 P (A) | the category of nitely generated projective modules.
3. Let 0 = 1 ; > 0. Then 1 ; is an isomorphism.
Here the strong inequality means that the spectrum of the operator is bounded away from zero. 1 we h a ve e 1 = y + P 1 i=2 i h i . In particular the series P 1 i=2 i i converges
we get ( 0 ) = 0 , a s w ell as for 1 . W e come to a contradiction. Let us investigate the involution J which determines a representation of Z 2 :
J(x) = On the other hand Let us assume that kFx n k ! 0. Then kFx n 1 + F x n 2 k ! 0, and, since F x n 1 2 V 1 F x n 2 2 W 1 V 1 W 1 = H A , then this means that kFx n 1 k ! 0 and kFx n 2 k ! 0, and, since F 1 is an isomorphism, then kx n 1 k ! 0. If a 1 : : : a s are the generators of W 0 = N 0 , t h e n 0 = hx n a j i = hx n 1 a j i + hx n 2 a j i k h x n 2 a j i k= k h x n 1 a j i k 6 kx n 1 k k a j k ! 0 (n ! 1 ) for any j = 1 : : : s . Hence, since x n 2 2 N, w e h a ve x n 2 ! 0 (n ! 1 ) a n d x n = x n 1 +x n 2 ! 0, but this contradicts the equality kx n k = 1. This contradiction shows that Fj W ? 5.2. Lemma. t(S fe i g k ) = t(S fe i g l ) : = t(S fe i g) for l > k.
The proofs of this lemma and the other statements of this Section can be found in 18]. We 
In particular, L 0 does not depend on m G . Proof. We h a ve 
where V k and W l are C -vector spaces of irreducible representations of G P k and Q l are G-trivial projective nitely generated A-modules. Then (representations are unitary)
and
The end of the proof see in 18]. Let us consider a G-invariant A-elliptic complex (E d), and let the Sobolev A-products be chosen invariant, so that T g = U g are unitary operators (see x3). (E ev ) (or the decomposition into modules P j in l 2 (P )) in such a w ay t h a t e ms+j 2 ;(E 2j ), where E 0 E 2 : : : E 2j : : : E 2m are all non-zero terms of the complex, s 2 N j = 0 : : : m(and in a similar way for P j ). As usual, without loss of generality w e can assume thatÑ 0 = span A (e 1 : : : e n 0 ) M 0 = s p a n A (e n 0 +1 e n 0 +2 : : : ) and M 1 = F(M 0 ) has in H 0 (E od ) t h e A-orthogonal complement M ?
1 . Then for every Proof. We get the statement immediately from (2) and (4).
